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Abstract 

This paper sets out to study the spectral minimum for operator 
belonging to the family of random Schrodinger operators of the form 
= + Wper + AK;, where we suppose that is of Anderson 
type and the single site is assumed to be with an indefinite sign. Under 
some assumptions we prove that there exists Aq > such that for any 
A € [0, Ao], the minimum of the spectrum of Hx^^^ is obtained by a 
given realization of the random variables. 
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1 Introduction 



Among the most investigated and dealt with operators in the field of math- 
ematical physics problems are random Schrodinger operators of the form 

H^ = -A + W^per + V^=Ho + K., (1.1) 
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where Wper is a Z -periodic function and K; is a random potential having 
the Anderson form, i.e V^{-) = Xlnez^ ^-yfi' See 0112], for the physical 
motivations. 

The study of the spectral theory of operators of the form ()1.5|) have drawn 
the attention of many researchers for the importance of the related results. 
In fact, it is linked to the systems evolutions for which the Hamiltonian is 
described by (jl.5|) . The goal of this paper is to discuss one of the problems 
that remain unsolved: the spectrum location of if^^, precisely the spectrum 
infimum. This will be carried out in the case when the single site / does not 
have a definite sign. 

As the main object is to study the location of the spectrum, let us recall the 
following basic results already known on this subject and stated by Kirsch 
and MartineUi 

Theorem 1.1 



Here V is the set of all periodic sequences {cu^jng^d, with an arbitrary period 
such that uJn is in the support of ^ for all n and is the spectrum of H . 

As has been said above the proof of Theorem 11.11 exists in and is based 
on Weyl sequences and probabilistic arguments. Notice that this theorem 
reduces the determination of the spectra of random Schrodinger operators 
for the case of periodic Schrodinger operators. As it is well known [9^ that 
the spectrum of periodic operators have a band structure, this will be the 
case for T,{H^) with the possibility to close gaps. 
Under additional assumptions on / more is known: 

Theorem 1.2 /// has a fixed sign, i.e f <0 or f >0 and if is supported 
[uj~,uj~^], then 



(1.2) 




(1.3) 




In particular, 



infS(/7,^) 



infSf - A + iy,,, + a;+E^g^,/(x-7)] / < 0, 



(1.4) 
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Theorem 11.21 is a simple consequence of Theorem 11.11 Indeed, using (|1.2|) 
and the fact that constant sequences {u^ = u E supp /x} G V, we get 
that the r.h.s of p.3|) is naturally contained in For the inverse in- 

clusion, let {uj-y)^^zd & V he fc-periodic and let [a, b] be the n-th band of the 
k periodic operator H^ ^ = —A + Wper + ^-yfi^ — 7). Let [01,62] and 



[02, ^2] be the n-th. bands of respectively —A + Wpcr + ^^ez^- /(^ ~ 7) 
and —A + Wper + JZjei^d f{^~l) (both seen as fc-periodic operators). By 
the min-max principle we have ai < a < 02 and 61 < 6 < 62- As the bands 
of —A + Wper + 1^ f{x — 7) depend continuously on u, we deduce that 

— A + PVper + JZ-yez^ ^ f ~ 7)j IS coutaiucd in the r.h.s of (jl.3p . The 
proof of ()1.3j) is ended by taking into account the fact that these sets are 
closed. 

For ()1.4p it is a simple consequence of monotonicity of the model, it is increas- 
ing when / > and decreasing when / < 0. indeed if / < 0, and uo^ < uj^ 
for any 7 G Z'^ then in the sense form we have 

-A + Wp,, + J2 ^7/(3^ - 7) < -A + W^per + ^yf^"" - 



The situation is more complicated and different when the single site / changes 
the sign, as the monotonicity property is not true in this case. We notice 
that recently Lott and Stolz have conjectured |TI] that in dimension one, the 
spectral minimum of random displacement models is realized through the 
pair formation of the single site. 

1.1 The Model 

Our basic object of study is the so-called Anderson model, a random Schrodinger 
operator of the form 

i^A,., = -5Z^ + ^P- + ^ 5^^7/(3; -7), (1-5) 



1=1 ' 



where, 



Wpei is a Z''-periodic and bounded function. 
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• A is a positive parameter 

• {ijj^)^(zzd is a family of independent, identically-distributed random vari- 
ables taking values in [a;~, tu"*"]. We denote by ii the probability distri- 
bution. 

• For Co = [— ^, the single site potential / G C^{Cq) such that / G 
/i(i7(M'=')), with p = 2 if < 3, p > 2 if = 4 and p = if > 5 
and / = /+ + /-, with /+ > 0, /- < and /+ ■ /- = 0. 

By I21IH1; we know that H\ ,^ is an essentially self-adjoint operator on L^(R'^) 
with the domain C^{W^), we denote by Hx ^^ its self adjoint extension. 
It is an ergodic operator so, according to [21 IE], we know that there exist 
^A, Sa,pp, Sa.oc and Sa,sc closed and non-random sets of M such that is the 
spectrum of i^A.cj with probabihty one and such that if cxpp (respectively aac 
and Use) design the pure point spectrum (respectively the absolutely continu- 
ous and singular continuous spectrum) of H\ i^, then Spp = CTpp, SA,ac = cr\,ac 
and Sa,sc = cta.sc with probability one. 

1.2 The result 

As we will see fsubsectior l2.ip iJ^.w can be considered as a perturbation of 
some periodic operator Hx^ui-- Let V5a,i(^; ^(-^)) be the Floquet eigenfunction 
associated to the first Floquet eigenvalue -E'i(A, 6) of Hx^u-- Let (6'fc(A))i<fc<m 
be the points where Ei{X, 6) attains its minimum. We set 

^(0) = ((M,l(-,^fc(0)),<^o,l(-,^fc'(0)))L2(Co)) 

V / l<k,k'<m 

We prove that 

Theorem 1.3 Let Hx^ui be the operator defined by 

If the matrix A{0) is positive-definite. Then there exists Aq > such that for 
any A G [0, Aq] we have: 

inf(EA) = inf(SA,<^-). 

If the matrix A{0) is negative- definite. Then there exists Aq > such that for 
any A G [0, Aq] we have: 

inf(SA) = inf(SA,c^+). 
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Remark 1.4 Theorem li.^ is stated for the infimum of the spectrum. Un- 
der some additional assumptions the same result is still true for the internal 
edges of the spectrum. 

The analogous problem for the random magnetic Schrddinger operator is con- 
sidered and studied in |7J/. 

Theorem \l.!A can he considered as a first step toward the physically-motivated 
applications. One of them is the study of the so-called Lifshitz tails of the 
integrated density of states. This could he done under some additional as- 
sumptions on the hehavior of the random variables in the vicinity of uo" or 
J /0 0^- Another one is the spectral localization JJ^. 

The proof of Theorem II. 3( is given in section |21 It is based on the reduction 
procedure. This powerful technique was predicted by Klopp |5 and used in 
several works, [H El E] • 

As stated the proof of Theorem II. 31 can be divided naturally divides into two 
parts, we shall discuss them separately. 

Indeed, if A{0) is positive-definite we will conjugate with 11^,0, the spectral 
projection for Hx^^j- on the first band. Then we prove that 

IlA,0-f^A,a;IlA,0 > -^A.^- 11^,0- 

Here -Ea,^- is the bottom of the spectrum of the periodic operator i^A.w- ■ 
If A{0) is negative-definite we will conjugate H^^ with nA,o, the spectral pro- 
jection for Hx^u)+ on the first band. Then we prove 

Here -E'a,lj+ is the bottom of the spectrum of the periodic operator Hx^ui+ ■ 

2 Preliminary 

Let us consider the following periodic operator 

i/A,.- = -A + l^per + XJ2 ^~/(- - 7)- (2.6) 

For this, it is convenient to consider H\ ,^ as a perturbation of i^A.w- • Indeed, 
we have: 

Hx,. = Hx,^- + A ^ K - co-)fi- - 7). 
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For this for 7 G Z'^, we set cD^ = cu^ — uj~ and V^(-) = X]7gZ'* ^7/(' ~ 7)- We 
notice that according to the definition of {uj^^^^^d we get that, {uj^^^^^d is a 
family of random positive and bounded variables. 



2.1 Some Floquet Theory 

For 7 G Z'^, we denote by the translation by 7 operator i.e (r^y9)(x) = 
— 7). We have, for any 7 G Z'' 

Then the so called, Floquet Theory, can be used to study Hx^ui- ■ For this, we 
review some standard facts from the Floquet theory for periodic operators. 
Basic references for this material are El HDl- Let T* = M'^/(27rZ'^). We 
define H by 

n = {u{x,e) G Ll^{R'^)®L\T*yy{x,e,-f) G M'^xTxZ'^; u{x+-f,e) = e'^%{x, 
H is equipped with the norm 

For 61 G M"' and n G 5(M"'); the Schwartz space of rapidly decreasing functions 
we define 

{Uu){x,e) = ^e^^-^M(x-7). 



U can be extended as a unitary isometry from L^(R'^) to Ti. Its inverse is 
given by the formula, 

foruGT^, {U*u){x) = —^ [ u{x,e)de. 

vol(T*) J J. 

f/ is a unitary isometry from L^(R'^) to 7i and Hx^ui admits the Floquet 
decomposition jSJ [TUj 

uHx,^-u* = ^— r Hx,.-{e)de. 

vol(T*) J J, 

Here Hx^u]~{d) is the operator Hx^ui- acting on Tig, defined by 
ne = {ue LL(M'^); V7 G Z^ u(a; + 7) = e'^''u{x)]. 
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As Hxj^~ is elliptic, we know that, Hx ^^- {0) has a compact resolvent; hence its 
spectrum is discrete |2| . We denote its eigenvalues, called Floquet eigenvalues 

of Hx,ui- , by 



The corresponding Floquet eigenf unctions are denoted by ((y9Aj(a^, ■))ieN*- 
The functions {6 — >• En{X,0))nm* cire Lipshitz-continuous, and we have 



The spectrum T^x^uj- of Hx^uj- is made of bands (i.e T^x.u)- = U„gN*-E„(A, T*).) 
Let us note by -Ea,<^- the bottom of the spectrum of S^,^-, i.e Ex^uj- = 

Mg^jd Ei{X,9). 

It is a well-known fact that, in any dimension the bottom (the first band) 
of the spectrum of a periodic Schrodinger operators is given by a simple 
Floquet eigenvalue and that the minimum of this Floquet eigenvalue is non- 
degenerate and quadratic. More precisely let 9{X) be an element of 



V \9-9i\)\<S, y,\9-9i\)\'<E^i\,9)-Ex,^-<C\9-9i\)\^. 



Hence, the points where Ei{\,9) reaches -Ea.w- are isolated and as T* is 
compact, one concludes that Zx contains only finitely many of elements. Let 
m be the cardinal of Zx and let us denote them by {9k{X))i<k<m- One can 
check that 6'fc(A) depends continuously on A. For the sake of brevity, we use 
the notation 9k = 9k{X). 
For 1 < k < m and 9 G T*, we set 



Ei{\,9) < E2{\,9) < ■ ■ ■ < Er,{X,9) < ■ ■ ■. 



En{X,9) —>■ +00 as n —>■ +oo uniformly in 9. 



Zx = {9eT*; E,{X,9) = Ex,^~}. 



Then there exist C > and 6 > such that 
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(2.7) 



l<i<d 



We notice that for any 1 < k < m, 



^ ipx,i{,x,9), 



is analytic in a neighborhood of 9^- 
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2.2 Wannier basis 

We recall concepts used in [4j. Let £ C L'^iW^) be a closed subspace invariant 
by the Z'^-translations, i.e. such that 11^, the orthogonal projection on 
satisfies 

Following the computations done in section 1.2 of we see that there exists 
an orthonormal system of vectors (^j,o)jGAf such that for ipj^^ = r^^ipj^o); 
{<^j,'y){j£N:'reZ'i) is an orthonormal basis of S. Such system is called Wannier 
basis of S. The vectors {^Pn,o)n£N are called Wannier generators of S. 
Let S C L^(M'^) be a space which is translation-invariant. S is said to be of 
finite energy for Hx ^^ if U^Hx i^U ^ is a bounded operator. In this case, S 
admits a finite set of Wannier generators. 

Let Ilxfl{9) (respectively Ilx^^{9)) be the orthogonal projection in He on the 
vector space generated by (px,i{-,9) (respectively by {fxj{-,9))j>2 ). These 
projections are two-by-two orthogonal and their sum is the identity for all 

6 eT*. One defines 

Ha,. = U'\j^ Ylx,ame)u : L'iR'') -> L^W"), 

where a G {0, -|-}. 11^,0, is an orthogonal projection on L^(M'^) and for all 

7 G U^, we have T*I{x,a'T'^ = 'n.x,a- 

For a G {0,+}, we set Sx,a = Ilx,a{L\M.'^)). These spaces are translation- 
invariant. Moreover Sx,o is of finished energies for Hx^uj-- The reduction 
procedure consists in decomposing the operator Hx^u- according to various 
translation-invariants subspaces. The random operators thus obtained are 
reference operators. 

3 The proof of Theorem ESI 

As we have indicated, our aim in this section is to prove Theorem 11.31 but 
first, let us introduce some notations and useful lemma. 
For M G L2(T*), let 

T^,,{u) = u*{uipxAx,G))= [ u{e)ipx,i{x,o)de. (3.8) 

JT* 
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So, 7^^ J define a unitary transformation from L^(T*) to £^a,o and for v G £^a,o 
we have 

^;.,M = ((f/^)(-,^),^A,i(-,^)). 

For 1 < < m and (x, ^) G M"^ x T*, let 
We set, 

5v5A,i,fc(a;, 6*) = , (v?A,i - V'A.i.fcla;, ^ 

By this, for any u G L^(T*), we have 

^^A,iH = +^^;,,i,,(v^^)- (3-9) 

For V enl = {v e Hl^{W^)- w(. - 7) = e-'^-^u{-)} one defines the following 
norms: 

sup{||t;(-,^)||i2(c„)} = ll^^llloo- 

eeT* 

and 

sup [\\Hx,^~{e)u{-,e)\\l2^c^) + \\v{-,e)\\l2^c^A = \\v\\h^^.,oo- 

Remark 3.1 T/ie functions ^x^i^k O'nd 6(fx,i,k well defined and 

II "^A,!,*,' II 1,00, ||^A,l,fc||/f^^^_,oo ||5^A,l,fc||l,oo, and ||5'^A,l,fc||//^^^_,oo; 

are finished (See ^40- 

The following Lemma is of use. It will be proven at the end of this section. 

Lemma 3.2 For 9k, 9k' G T* and ^ G L^{T*,n^) let ^k = e''^^-^'^^''^{x,9k), 
Vk' = e''^^~^>'''^''(p{x,9k') and a^^k,k'{x) = f{x)(p{x,9k)(p{x,9k'). // ||v5||i,oo < 
00 (resp. 1 1 1 1 ,00 < 00 ; then % G £{1" {T) , {W^)) (resp. Vu, ■ % e 
C{L'^{T*),L'^{W^))) and there exist > such that for allu,v G ^^(T*), 
we have 

{V^Xp^{u),Xp^,{v)) - ( / a^^k,k'{x)dx^ ■ oj^u{-f)v{-f) 

(3.10) 
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\\V^%kiu)\\l2^^d) <c(^^uj^\u{-f)\^ + {Ck,xu,u)L\'i*)y (3.11) 

3.1 If ^(0) is positive-definite 

We set 

Hx^uj = nA.o-f^A.wHA.o = nA,o-f^A,<^-nA,o + ^X,oV[:}Ilx,0- 

Theorem 3.3 Assume that the matrix A{0) is positive-definite. Then there 
exists Ao > such that for any A G [0, Aq] we have: 

Ilx,o(^Hx,ui — Ex,uj-^Ilxfi is a positive operator. 
The proof of Theorem 13.31 is the object of the following section. 

3.1.1 The proof of Theorem Q 

Using ()3.8|) . we get that H^^ is unitarly equivalent to the operator 

1,0 q-* ttO n- 

acting on L^(T*) and written as 

With h^xuj_ is the multiplication operator by Ei{X,6) and is an integral 
operator with the kernel 

Vxd0,9') = {v^vxA-^0)^vxA-^(^'))- 

Let Vfc be a neighborhood of 6k, such that if 6k' G Z and k ^ k' then 6 ^ Vk 
and Vk n Vk' = 0. As T* is compact, one can cover it by (yk)i<k<m (i-e 
^i<k<mVk = T*). For 1 < A; < m let Xfc be the characteristic function of Vk. 
For simplicity for u G L^(T*), we will denote XkU as Uk in the following. 
We consider m as a system of m columns denoted by {uk)i<k<m- We endow 
L^(T*)®C™' with the scalar product generating the following Euclidean norm: 

II l|2 _ \^ II ||2 

k=l 
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3.1.2 The lower bound of /i° _ 

Proposition 3.4 There exists C > such that for any u G L^(T*), we have 

l<k<m l<k<m 

(3.12) 

Proof: For u G L^(T*), one computes 

{hl^.u,u)= [ E,ix,e)\uie)\'de= V / E,ix,e)xkie)HO)\'de, 

As for any ^ in the support of Xk, there exists C > such that we have 

E,ix,ekiX)) + ^CkAO)<Eiix,e), 

we get the result. □ 

3.1.3 The lower bound of V?~ 

A,Lu 

Proposition 3.5 There exists Ci, C2 > and Xq such that for all X G [0, Aq] 

and u G L^(T*) we have 

,xUk,Uk)L^{'i*)- (3.13) 

l<k<m,-y€Z'i l<k<m 

The proof of Theorem 13.31 

Let us notice that, by combining the results of Proposition 13.41 and 13. 5[ one 
gets that there exists Aq > such that for any A G [0, Aq] and for any 
u G L'^{T* we have, 

{hl,u:U,u) > Y ^l(^'^fe(^))lkfcllL2(T.) + ^( Y (Ck,\Uk,Uk)L\T*) + 
l<k<m l<k<m. 

l<k<m -y^Z^ 

> ^A,a.-|k||i2(Tr.) + ^( Y ((k,XUk,Uk)L^T') + 

l<k<m 

l<fe<m-yeZ<* 
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This gives that, 
{{hl~-E,^^-)u,u)> 

ci ^ {Ck,\Uk,Uk)L^(T*) + \ Y^l\^k{l)\^y (3.14) 

l<k<m l<fc<m7eZ'* 

This ends the proof of Theorem YA.'Al □ 



Remark 3.6 We notice that even if we know that the bottom of the spectrum 
of coincides with the bottom of the spectrum of Hx^ui- we cannot consider 

lixfii^x^^ — Hx^uj-^^x,o a positive operator. 

The proof of proposition 13. 5t 

Let us start by expanding {V^~u,u), 

l<k,k'<m 
l<k,k'<m 
l<k,k' <Tn 

We start by estimating the three sums of the last equation. 

For the second sum, using Cauchy Schwartz inequahty and Lemma 13.21 we 

get that for any 1 < k, k' < m, there exists C > such that we have, 

< C ■ (^{Ck,xUk,Uk)L'2{T*) + {(k',xUk',Uk')L2{T*)J- 

So there exists C > such that we have 

I (^A%^^A,i.fc (\/CM"fc)' '^S^x,i,k'(V Ck',xUk'))L^(Rd) I 

l<k,k'<m 

< C ^ {(k,XUk,Uk). (3.15) 
l<A;<m 
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For the third sum, using the Cauchy-Schwartz inequahty once more, we get 
that for 1 < k < m, there exists /3 > such that we have 



< /5r^%.,.,.K)lli^(R.) + i/(4/?)l|r,^,,,,„(v^«fcOlli2(M.). (3.16) 

Using equation ()3.1ip . one gets that there exist Ci, C2 > such that 



l<k,k' <m 

<Ci/3 $^^7l«"-fc(7)l' + 52(/3 + l//3) Y {C\kUk,Uk)LHT*). (3.17) 



l<k<m 



For the first sum, using ()3.1Up . we get that there exist C{, > such that 

l<k,k'<m 

~ Yl Y^^i a^^,uk,k'{x)dx){Uk){l){Uk,){-f) 
l<k,k'<mjel,d •'^^ 

<C[(3 Y XI + ^2(1 + 1//?) Y {C\kUk,Uk)mj*). (3.18) 

l<k<m-y^Z'i l<k<m 

Now equations ()3.15|) . ()3.17|) and ()3.18|) give that there exist Ki,K2 > such 
that 



< 



('^A,<i'«' - Y Y^^{ (^V^x,i,k,k'{x)dx^{Uk){j)iUk'){j) 

Y 5Z^'>l(""'^)(^)l' + ^2(l + l//5) Y iCk,xUk,Uk)mT'). (3.19) 



l<k<m ' 

Now, if the matrix 



l<k<m 



A{0) 



a^o^^,k,k'{x)dx 



Co 



l<k,k'<m 

is positive-definite, one gets that inf cr(A(0)) = C > satisfies 

CJ™ < A. 
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Let ^(A) be the matrix, 



l<k±'<m 



'Co 

Notice that for any 1 < k, k' < m, the functions 

fk,k' : A / a^^^^e^(^x),eyix)ix)dx, 

J Co 

are continuous in A. So there exists Aq > such that for any A G [0, Ac 



^Im < A{X). 



This gives that for any u G L^(T* 



C 



2 Zl'^7l(«"fc)(7)P 

l<k<m -y^Z'i 



< Y^j{ a^x^i,k,k'{x)dx^iuk){-f){uk'){-f). (3.20) 

Now using the expanation of {V^~u, u) and equation ()3.19p . we get that there 
exist Ki,K2>Q and /3 > such that 

(3.21) 

So, for P > 0, well chosen we get that there exist constants Ci, C2 > such 
that 

C 

{yXfiU,u)>Y Y ^7l(«"fc)(7)P - ^ (Cfc,AMfc,Mfc)L2{T*)- (3.22) 

l<k<m;-y<^Z'i l<k<m 

This ends the proof of Proposition 13.51 □ 
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3.2 If ^(0) is negative-definite 

Let Hx^uj+ be the following operator, 

= -A + lyper + A 5^ UJ+f{- - 7). 

As H\i^+ is a Z'^-periodic operator, the analysis given in subsection 12.11 for 
Hx,ui+ is still true in the present case. For (£^j(A, 6'))jgi^., the Floquet eigen- 
value of H\ ,^+ let us set Ex^^^+ = inf^gT* -E'i(A, 9). 

Theorem 3.7 Assume that the matrix A{0) is negative-definite. Then there 
exists Ao > such that for any A G [0, Aq] we have: 

Il\fi(^Hx^ui — Ex^ui+^^\,o is a positive operator. 

The result of Theorem 13 . 71 can be proved in the same way as we did for Theo- 
rem ll.3l in the previous subsection. Indeed, Hx,uj can be seen as a perturbation 
of Hx^ui+ as follow, 

Hx,uj = Hx,uj+ + Vzj. 
With Vzj{-) = L^jf{- — 7) and for any 7 G Z'^ uJ^ = u;^ — u~^. Notice that 

in this case {uj^f)^^^d is a family of bounded and negative random variables, 
using the analogous unitary transformation, one gets that H^^^ is unitarly 
equivalent to 

= hi.. + Vx%. 

The lower bound of hx,uj+ can be derived easily. As all arguments used to lower 
bound V~ remain valid; we lower bound Vx^ using the same computation 
done in subsection 13.11 

So we get that there exist Ki,K2 > such that 




l<k<m^£Z'' l<k<m 

(3.23) 
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When A{0) is negative-definite, there exists C < and Aq > such that for 
any A G [0, Aq], we have 

AiX) < CIm. 

As the random variables {ujy)^/^zd are negative, we get that 

Y^^{ avx,iAk'{x)dxYuk){l){ul>){j). (3.24) 



l<k<m 'ygZ'' 

< 



This and equation ()3.23p give the sought result on the lower bound of Vzj. 
This ends the proof of Theorem 13 .71 □ 
The proof of Lemma 13. 2t 

As is ifA,a;--i'elatively bound uniformly on u^, there exists c > such that 
for any u G L^(T*) we have 



\V^%{u)\\ < c[\\Hx,u,-T^{u)\\' + \\T^{u)\ 



One computes 



76: 



eio-9k'>e^rdu{e)de)dx 

T* ^ 



Let 

= / e'^-"u{9)de. 



T* 
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For any (x, 6) eR x T* and 1 < A; < m, we set 

As 9k{\) is the only zero of (k,x and as it is nondegenerate, there exist C > 
such that, for (x, 6') G M x M'^, and 1 < < m, we have 

|(?fc(a;,e)| <C(l + |a;|). (3.26) 

We have e'^'-'^^^ = ^x9k{x, e) + l. So using this and expanding (VbT^fc(u), T^^,{'")) L'^iW'-)-, 
we get 



a^,kA^) ■ ( [ e'^'gk{x,e)JCkAeHe)de- 

^r,^ J Co ^JT* ^ 



+ J2^'yWf)[ a^Ak'ix)- [ e^'-'gu{x,e)^Ck,x{e)u{e)d9dx. (3.27) 

Now using the fact that the family (cj^)^gz'* is bounded, Cauchy-Schwartz 
inequality and Perseval identity and equation ()3.26p . we get that there exists 
C > such that 

y,^, I a^,kA^)-( ! e'^-'gk{x,9)JCkMu{d)d9- 

^ e^-<^gy{x,d)sj Cu'Ae)v{e)d9yx 

< C{Ck,xu, u)l2(t*) + {Ck'+xv, v)l2(t*). (3.28) 



17 



And /3 > 0, 

y^'^iHl) a'v,k,k'{x) ■ e^^-'>gk'{x,6)J(k',\{6)v{6)dedx< 

P E I^WI' + ^(a',A^'^)i^(T*)- (3.29) 

The same argument gives 

</? 5^ 1^(7)1' + ^(Cm«,w)l2(t*). (3.30) 
So from (ITTfll . dSm, (IT^ and (nOIH) we get (nTTTll) . 

The proof of ()3.1ip : follows by changing 7^^j(u) using ()3.9|) and following 
the same steps as ()3.10|1 . 

This ends the proof of Lemme 13.21 □ 
Acknowledgements. The author would like to thank Frederic Klopp for his 
precious comments and remarks. 
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